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a b s t r a c t
This paper investigates the impact of bankruptcy procedures on optimal dividend barrier
policies. We specifically focus on Chapter 11 of the US Bankruptcy Code, which allows
a firm in default to continue its business for a certain period of time. Our model is
based on the surplus of a firm that earns investment income at a constant rate of credit
interest when it is in a creditworthy condition. The firm pays a debit interest rate that
depends on the deficit level when it is in financial distress. Thus, the surplus follows an
Ornstein–Uhlenbeck (OU) processwith a negative surplus-dependentmean-reverting rate.
Default and liquidation are modeled as distinguishable events by using an excursion time
or occupation time framework. This paper demonstrates how the optimal dividend barrier
can be obtained by deriving a closed-form solution for the dividend value function. It also
characterizes the distributional property and expectation of bankruptcy time subject to
the bankruptcy procedure. Our numerical examples show that under an optimal dividend
barrier strategy, the bankruptcy procedure may not prolong the expected bankruptcy time
in some situations.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
The optimal dividend policy aims to maximize the expectation of discounted total dividends until a firm becomes
bankruptcy. This policy should thus strike the balance between bankruptcy risk and the dividends received by shareholders.
Gerber and Shiu [1,2] propose a dividend barrier strategy based on a firm’s surplus, which is assumed to follow a Brownian
motion, and provide a comprehensive history of this topic.
The Gerber–Shiu approach has recently been extended in a variety of ways. For instance, Gerber and Shiu [3] investigate
the generalized barrier strategy with a refraction boundary, above which the dividends are paid at a constant dividend rate.
Leung et al. [4] consider a finite time dividend-ruin model in which firm value, instead of the surplus, follows a geometric
Brownian motion (GBM). The dividend barrier is an upside reflecting boundary on firm value. Bankruptcy occurs when
the firm value hits a downside barrier. Cai et al. [5] show how the expectation of discounted dividends and the optimal
dividend barrier can be calculated when the surplus earns investment income at a constant force, which essentially leads
to an Ornstein–Uhlenbeck (OU) process with a negative mean-reverting rate. Li et al. [6] investigate the effect of a renewal
jump in the surplus on the dividend threshold, and Francois and Morellec [7] examine the interest rate effect. Finally, Yin
et al. [8] propose stochastic optimization algorithms for dividend barrier strategies.
However, there is still a gap between these theoretical results and reality, as the impact of bankruptcy procedures on the
optimal dividend strategy remains unclear. This paper is devoted to filling that gap. In Chapter 11 of the US Bankruptcy Code,
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default and liquidation are two distinguishable events. A defaulting firm is allowed to continue its business for a specified
grace period, during which a renegotiation process can take place between shareholders and debt holders and the firm is
given a chance to reorganize. If the firm is unable to recover during this period, then shareholders are forced to declare
bankruptcy.
This bankruptcy procedure can be integrated into our model setting using a so-called excursion time or occupation time
framework, both of which have appealing interpretations in a corporate bankruptcy scheme. Suppose that a regulatory
authority takes bankruptcy filing actions according to a hypothetical default clock. In the case of the excursion time
framework, an excursion time is counted by this default clock, which starts ticking when the surplus process breaches the
default threshold and is reset to zero if the firm recovers from the default. Thus, successive defaults are possible until the
underlying surplus remains below the default threshold longer than some predetermined time. In the case of the occupation
time framework, the default clock, which corresponds to an occupation time, is not reset to zero when a firm emerges
from default, but rather is only halted and restarted when the surplus process again falls below the default threshold. As a
result, past defaults are never forgiven. More specifically, our model is based on the surplus of a firm. When the firm is in a
creditworthy condition, the surplus generates an investment income at a constant rate of interest. Default occurs when the
surplus hits a default threshold, but the firm is allowed to continue its business for a certain period of time. Once the surplus
becomes negative, debit interest is charged at a rate related to the deficit level of the firm. Liquidation is triggered by either
an excursion time or an occupation time.
The impact of bankruptcy mechanisms has recently attracted a great deal of research attention. Chen and Suchaneki [9],
for example, show how the aforementioned bankruptcy procedure affects the market value of life insurance liabilities. They
also provide examples from different countries in which defaulted firms were allowed to continue operations for a certain
period of time. In the US for instance, defaulted companies are allowed a the grace period of from 119 to 1669 days. In
France, a legal three-month observation period before possible liquidation is systematically granted by the courts to firms in
financial distress. Similar bankruptcy mechanisms are also considered in [10–13]. These studies concentrate on the optimal
capital structure rather than dividend policy, and are specific to Brownianmotion or GBM. In this paper, we consider a more
general situation, in which the surplus follows an OU process.
When the underlying stochastic variable follows Brownian motion or GBM, the distribution of the excursion or
occupation time has been thoroughly studied and applied to different cases. Using Brownian excursions, Chan et al. [14]
propose a firm-specific structural model of credit migration that can explain the risk perception of credit rating agencies.
Lau and Kwok [15] construct valuation algorithms that price risky convertible bonds with embedded option features, and
explore the impact of the excursion time requirement in the soft call constraint on an optimal issuer’s calling policy. Galai
et al. [16] consider the case in which liquidation is triggeredwhen the total time that the firm’s asset value spends under the
distress threshold exceeds a predetermined grace period and the corresponding valuation of equity and debt. Bernard and
Chen [17] model a realistic bankruptcy procedure by both an excursion time and an occupation time, and investigate how
regulators can establish regulatory rules that meet certain regulatory objectives. Linetsky [18] derives the pricing formulas
of step options using the distribution of the occupation time variable under GBM. Hugonnier [19] presents the Feynman–Kac
framework to study occupation times under Brownian motion and GBM, and links up occupation time derivatives with α-
quantile options. Wong and Kwok [20] extend the aforementioned approaches to options on multiple assets with a given
occupation time. Beyond Brownian motion, Leung and Kwok [21] derive the distribution of occupation time under constant
elasticity of variance (CEV).
To the best of our knowledge, neither excursion nor occupation times of (restricted) OU processes have yet been
considered in the literature. The present paper thus provides a unified framework to study related problems. For instance,
our results can be applied to the valuation of Parisian options under mean reversion. Option pricing under OU processes
is interesting in its own right. Empirical evidence shows that exchange rates Sweeney [22] and commodity prices
Bessembinder et al. [23] exhibit mean reversion. Hence, OU processes are more appealing for describing these underlying
financial variables. We refer readers to Ekvall et al. [24] and Wong and Lau [25] for further details on option pricing
under mean reversion. Cadenillas et al. [26] also investigate optimal dividend policy with a mean-reverting cash reservoir.
However, they do not consider bankruptcy procedures. Paulsen [27] considers solvency constraints and optimal dividends
without taking into account mean reversion or bankruptcy codes.
The remainder of the paper is organized as follows. Section 2 introduces the Gerber–Shiu barrier strategy and the
bankruptcy procedure. A closed-form solution for the dividend value function is derived in Section 3. Section 4 discusses
the characteristics of the optimal dividend barrier based on the dividend value function. We consider the distribution of
bankruptcy time in Sections 5 and 6 concludes the paper.
2. The model
Let X(t) be the surplus of a firm if no dividends are paid. We assume that the surplus earns interest at constant force
α0 > 0. When the surplus is negative, debit interest is charged at a rate related to the firm’s deficit position rather than the
constant debit interest used in [5]. In particular, define a step function ρ(·) : R −→ R through the following quantities.
1. A sequence of interval margins:
{xn < xn−1 < · · · < x1 = 0} ⊂ R for n ∈ N.
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2. A sequence of intervals:
An := (−∞, xn); Ai := [xi+1, xi) for i = 1, . . . , n− 1; A0 := [x1,∞).
3. A sequence of constant interest rates:
{αn, αn−1, . . . , α0} ⊂ R satisfying αn > αn−1 > · · · > α1 > α0 > 0.
When the surplus is negative, i.e., x1 = 0, the firm should borrow money to continue its operations. A debit interest rate,
which is greater than that from normal investment income α0, should be charged to the firm in financial distress. The larger
the deficit, the higher the debit interest rate that lenders charge.
Given the foregoing notation, we define the surplus-dependent credit/debit interest rate ρ(X(t)) as
ρ(X(t)) =
n−
i=0
αi1Ai(X(t)) for all X(t) ∈ R, (1)
where 1A(·) is the indicator function for the event A. In other words, ρ(X(t)) = αi if X(t) ∈ Ai for i = 1, 2, . . . , n.
Using the arguments of Cai et al. [5], the surplus process follows the stochastic differential equation (SDE):
dX(t) = (µ+ ρ(X(t))X(t))dt + σdW (t), t ≥ 0, (2)
whereW (t) is a Wiener process, (µ + ρ(X(t))X(t)) is the drift, σ 2 is the variance per unit of time, and X(t) is the current
surplus. It is clear that (µ+ ρ(X(t))X(t)) and σ are Lipschitz-continuous functions.
In time interval [t, t + dt), the firm pays a nonnegative amount, dD(t), in dividends such that the dividend aggregated
up to time t , denoted by D(t), is a nondecreasing function of time adapted to the filtration {Ft}. Although we assume that
ρ(X(t)) > 0, the following results can automatically be applied to the case of both ρ(X(t)) < 0, which corresponds to the
traditional mean-reverting process, and ρ(X(t)) = 0, the Brownian motion.
According to the dividend barrier strategy proposed in [1,2], if the surplus rises above an upside barrier level b, then the
overflow will immediately be paid to shareholders as dividends so that the surplus is brought back to b. A formal definition
can be given in terms of the running maximum
M(t) = max
0≤s≤t
X(s).
Then, the dividends aggregated up to time t are determined by
D(t) = max(M(t)− b, 0),
and the modified surplus at time t is X(t)− D(t).
2.1. The bankruptcy procedure
It is often assumed that bankruptcy immediately occurs when the surplus hits a downside default barrier. However, we
consider amore realistic situation inwhich default and bankruptcy are twodistinguishable events. Suppose that a regulatory
authority takes its bankruptcy filing actions according to a hypothetical default clock, which can be modeled by two kinds
of frameworks: an excursion time framework and an occupation time framework.
2.1.1. Excursion time framework
In the case of the excursion time framework, the hypothetical default clock, counting an excursion time, starts ticking
when themodified surplus process breaches the default threshold L and is reset to zero if the firm recovers from default. The
liquidation of the firm is declared the first time that the modified surplus remains below the default threshold longer than a
prescribed amount of time in a single excursion. This bankruptcy procedure calls for the use of an excursion time associated
with the default threshold. The excursion time tL is simply the period during which the modified surplus remains below the
default threshold L in the current excursion. Mathematically, let
τ Lt := sup{u ≤ t|X(u)− D(u) ≥ L}
be the last time that themodified surpluswas above the default threshold L. Define the randomquantity, called the excursion
time,
tL(t) := t − τ Lt = t − sup{u ≤ t|X(u)− D(u) ≥ L}.
As a hypothetical default clock, tL(t)measures the length of time themodified surplus has spent below the default threshold
L in the current excursion. Note that tL(t) = 0 if the modified surplus at time t is above the default threshold.
The dynamics of tL(t) are described by the expression
dtL(t) =
dt, if X(t)− D(t) < L,
−tL(t−), if X(t)− D(t) = L,
0, if X(t)− D(t) > L,
(3)
where tL(t−) is the left limit of tL(t). The hypothetical default clock tL(t) is reset to zerowhen the default threshold is reached
from below, and does not change when the modified surplus is above the default threshold. Denote
dtL(t) = H(L− [X(t)− D(t)])dt, (4)
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and we have
H(x) =

0, when x < 0,
1, when x > 0.
To illustrate this idea, we assume that L = 0 throughout the paper, although the extension to other values of L is trivial.
In the aforementioned bankruptcy procedure (see [9] and others), the bankruptcy time becomes
T := inf{t ≥ 0|tL(t) = TL}, (5)
where TL can be interpreted as the grace period granted to a defaulted firm.
2.1.2. Occupation time framework
In the case of the occupation time framework, the hypothetical default clock, which corresponds to an occupation
time, is not reset to zero when a firm emerges from default, but is only halted and then restarted when the modified
surplus again falls below the default threshold. As a result, past defaults are never forgiven and thus affect further defaults
by shortening the maximum allowed length of time that the company can spend in default without being liquidated.
Occupation timetL(t) is simply the length of time themodified surplus spends below the default threshold L between 0 and t .
Mathematically,
tL(t) := ∫ t
0
1{X(u)−D(u)≤L}du,
which leads to the differential form
dtL = H(L− [X(t)− D(t)])dt, (6)
with H(x) = 0, when x < 0,1, when x ≥ 0.
The hypothetical default clock based on occupation time does not reset at the default threshold L, and the corresponding
bankruptcy time becomesT := inf{t ≥ 0|tL(t) = TL}. (7)
2.2. Dividend barrier strategy
Although both the excursion and occupation time frameworks are possible choices for modeling the bankruptcy
procedure, we here concentrate primarily on the former approach for a smooth presentation. The latter will also be
established and analyzed with a very similar procedure but in less detail. In the case of the excursion time framework,
the discounted total dividend with an interest rate of δ and bankruptcy procedure becomes
D =
∫ T
0
e−δtdD(t). (8)
One of our objectives is to determine the optimal dividend barrier level b∗ at which the expectation of the discounted
total dividends in (8) is maximized. When the dividend value function is denoted as
V (X(t), tL(t); b, TL) = E[D|Ft ],
our goal is to determine
b∗ = arg max
b∈(0,∞)
V (X(0), tL(0); b, TL). (9)
Eq. (9) is well-defined only if the maximum is reached at a single value. We later discuss the existence of a unique b∗ when
a closed-form solution for V (X(0), tL(0); b, TL) is derived.
In the case of the occupation time framework, we also have the associated optimal dividend barrier levelb∗, which is
determined by
b∗ = arg max
b∈(0,∞)
V (X(0),tL(0); b, TL) = arg max
b∈(0,∞)
E
∫ T
0
e−δtdD(t)

.
3. The dividend value function
To determine the optimal dividend barrier, the derivation can start by obtaining a closed-form solution for the
dividend value function V (X(0), tL(0); b, TL). The optimal dividend barrier is thus determined by maximizing function
V (X(0), tL(0); b, TL)with initial surplusX(0) = x over all possible values of b. This section is devoted to deriving the dividend
value function.
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3.1. Differential equations
With the derivation process in mind, we concentrate on dividend value function V (x, tL(0); b, TL). The following
proposition plays a key role in our analysis.
Proposition 1. The dividend value function V (x, tL(0); b, TL) satisfies the homogeneous partial differential equation (PDE),
σ 2
2
∂2V
∂x2
+ (µ+ ρ(x)x) ∂V
∂x
+ H(L− x) ∂V
∂tL
− δV = 0, (10)
for −∞ < x ≤ b and 0 ≤ tL < TL.
Proof. This proposition is actually a consequence of the classical Feynman–Kac formula. Hugonnier [19] and Karatzas and
Shreve [28] provide useful comments and a rigorous proof for the case of general diffusion, respectively. For our case, in the
infinitesimal time interval from 0 to dt , it is required that
e−δdtE[V (X(dt), tL(dt); b, TL)] = V (X(0) = x, tL(0); b, TL). (11)
We recognize that
eδdtV (x, tL(0); b, TL) = (1+ δdt)V (x, tL(0); b, TL)
= V (x, tL(0); b, TL)+ δV (x, tL(0); b, TL)dt,
and the initial dividend D(0) = 0 as x ∈ (−∞, b]. Applying Itô’s lemma to V with respect to the differential forms of (2)
and (4), we arrive at
E[V (X(dt), tL(dt); b, TL)] = V (x, tL(0); b, TL)+ (µ+ ρ(x)x) ∂V (x, tL(0); b, TL)
∂x
dt
+ 1
2
σ 2
∂2V (x, tL(0); b, TL)
∂x2
dt + H(L− x) ∂V (x, tL(0); b, TL)
∂tL
dt.
Substituting the above into (11) produces the desired PDE (10). 
Obtaining a closed-form solution for V (x, tL(0); b, TL) requires appropriate boundary conditions for the dividend value
function. When the default threshold is set at zero, i.e., L = 0, three sets of boundary conditions are defined based on the
initial values of x and tL(0).
1. Region One (R1): For x ∈ (−∞, 0) and tL(0) ∈ [0, TL],
1
2
σ 2
∂2V
∂x2
+ (µ+ ρ(x)x) ∂V
∂x
+ ∂V
∂tL
− δV = 0,
V (x, tL(0) = TL; b, TL) = 0,
V (−∞, tL(0); b, TL) = 0,
V (0−, tL(0); b, TL) = V (0+, 0; b, TL),
∂V (x, tL(0); b, TL)
∂x

x=0−
= ∂V (x, 0; b, TL)
∂x

x=0+
.
(12)
When the current surplus x falls below the default threshold, the hypothetical default clock is switched on to count
down the grace period. It is natural to see that the governing equation involves tL, according to Proposition 1. As the
initial surplus is below the default threshold, the firm may have already filed for bankruptcy with some initial timing
tL(0) ≥ 0. By the end of the grace period, shareholders should be unable to receive dividends, and hence we have the
first boundary condition, V (x, TL; b, TL) = 0. When the surplus tends to negative infinity, the probability of reaching the
dividend barrier is zero. Thus, we have the second boundary condition for x →−∞. The continuity of the dividend value
function across the default threshold yields the last two boundary conditions.
2. Region Two (R2): For x ∈ (0, b] and tL(0) = 0,
1
2
σ 2
∂2V
∂2x2
+ (µ+ α0x) ∂V
∂x
− δV = 0,
V ′(x, 0; b, TL)

x=b = 1,
V (0+, 0; b, TL) = V (0−, tL(0); b, TL),
∂V (x, 0; b, TL)
∂x

x=0+
= ∂V (x, tL(0); b, TL)
∂x

x=0−
.
(13)
When the surplus is above the default threshold, the hypothetical default clock is reset to zero and does not change.
According to Proposition 1, the governing equation is reduced to an ordinary differential equation of x. In this region, it is
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possible for the surplus to hit the upside dividend barrier on which a reflecting boundary condition is applied, according
to Gerber and Shiu [1,2]. This gives us the first boundary condition. The remaining boundary conditions account for the
continuity of the dividend value function.
3. Region Three (R3): For x ∈ (b,∞) and tL(0) = 0,
V (x, 0; b, TL) = x− b+ V (b, 0; b, TL). (14)
When the initial surplus rises above the dividend barrier, a dividend equivalent to x − b is immediately paid to
shareholders. Thus, the change in the dividend value function should be the payment received by shareholders.
Remark 1. In the case of the occupation time framework, similar procedures show thatV (x,tL(0); b, TL) also satisfies the
homogeneous PDE (10), with H(L − x) replaced withH(L − x). However,V does not jump at the default threshold L = 0.,
which means that we need to solve the values ofV for all possible values oftL(0) even if x is above the default threshold.
Systems (13) and (14) will then be defined in the rectangles x ∈ (0, b],tL(0) ∈ [0, TL] and x ∈ (b,+∞),tL(0) ∈ [0, TL],
respectively.
In the case of the excursion time framework, to separate the influence of the barrier level from the dividend value
function, we present the solution in R1 and R2 in factorization form, as follows.
(R1): For x ∈ (−∞, 0) and tL(0) ∈ [0, TL],
V (x, tL(0); b, TL) = g(x, tL(0))g ′0(b)
. (15)
(R2): For x ∈ (0, b] and tL(0) = 0,
V (x, 0; b, TL) = g0(x)g ′0(b)
. (16)
Here, g(x, tL(0)) and g0(x) are independent of the barrier level b. The boundary condition at x = b in (13) is satisfied
automatically. For a fixed parameter set Θ = {µ; n;αi(i = 0, . . . , n); σ ; δ; b; TL}, g0(0+) and g ′0(b) are constant. Based
on (12) and (13), we obtain the corresponding system for g(x, tL(0)) in R1 and g0(x) in R2, as follows.
1. Region One (R1): For x ∈ (−∞, 0) and tL(0) ∈ [0, TL],
1
2
σ 2
∂2g
∂x2
+ (µ+ ρ(x)x) ∂g
∂x
+ ∂g
∂tL
− δg = 0,
g(x, tL(0) = TL) = 0,
g(−∞, tL(0)) = 0,
g(0−, tL(0)) = g0(0+),
∂g(x, tL(0))
∂x

x=0−
= ∂g0(x)
∂x

x=0+
.
(17)
2. Region Two (R2): For x ∈ (0, b] and tL(0) = 0,
1
2
σ 2
∂2g0
∂2x2
+ (µ+ α0x) ∂g0
∂x
− δg0 = 0,
g0(0+) = g(0−, tL(0)),
∂g0(x)
∂x

x=0+
= ∂g(x, tL(0))
∂x

x=0−
.
(18)
3.2. Solving the PDE in R1
To solve the PDE of g(x, tL(0)) in R1, we reverse the excursion time by setting t∗L = TL − tL(0) and then substitute it into
(17) to obtain an initial boundary value problem on a fixed domain with a zero initial condition. As R1 can be decomposed
into subregions corresponding to the rectangle Ai × [0, TL], the notation gi(x, t∗L ) = g(x, t∗L ) is used to indicate that x ∈ Ai
for all i = 1, . . . , n.
Consider the Laplace transform
gˆi(x) =
∫ ∞
0
gi(x, t∗L )e
−st∗L dt∗L := Ls(gi(x, t∗L )), (19)
where s > 0 is the parameter of the Laplace transform. The subsidiary equation for (17) with zero initial condition is then
given by
1
2
σ 2
d2gˆi
dx2
+ (µ+ αix)dgˆidx − δgˆi = sgˆi, (20)
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and the corresponding boundary conditions become
gˆn(−∞) = 0, gˆ1(0−) = g0(0+)s . (21)
The solution of (20) is classic, [29]:
gˆi(x) = Ci,1Φi,δ+s(x)+ Ci,2Ψi,δ+s(x), (22)
where
Φi,δ+s(x) = M

ai,
1
2
, zi(x)

, Ψi,δ+s(x) = zi(x) 12M

ai + 12 ,
3
2
, zi(x)

,
ai = −δ + s2αi , zi(x) = −
1
αiσ 2
(µ+ αix)2,
Ci,1 and Ci,2 are constants with respect to the fixed parameter set Θ . The function M(y1, y2, y3) is the Kummer confluent
hypergeometric function.
Using an asymptotic property of the confluent hypergeometric function
M(y1, y2, y3) = Γ (y2)
Γ (y2 − y1) (−y3)
−y1 [1+ O(|y3|−1)], forℜ(y3) < 0, (23)
where Γ (·) denotes the gamma function, the boundary conditions (21) are reduced to
dn,1Cn,1 + dn,2Cn,2 = 0,
u1,1C1,1 + u1,2C1,2 = g0(0+)/s, (24)
where
dn,1 = (−1) 12 Γ
 1
2

Γ
 1
2 − an
 , dn,2 = Γ  32 
Γ (1− an) , u1,1 = Φ1,δ+s(0−), u1,2 = Ψ1,δ+s(0−).
Using the continuity of functions gˆ(x) and ∂ gˆ
∂x at x = xi for i = 2, . . . , n, we obtain
ui,1Ci,1 + ui,2Ci,2 − di−1,1Ci−1,1 − di−1,2Ci−1,2 = 0,
u∗i,1Ci,1 + u∗i,2Ci,2 − d∗i−1,1Ci−1,1 − d∗i−1,2Ci−1,2 = 0, (25)
where
ui,1 = Φi,δ+s(xi−), ui,2 = Ψi,δ+s(xi−), di−1,1 = Φi−1,δ+s(xi), di−1,2 = Ψi−1,δ+s(xi),
u∗i,1 =
∂Φi,δ+s
∂x

x=xi−
, u∗i,2 =
∂Ψi,δ+s
∂x

x=xi−
,
d∗i−1,1 =
∂Φi−1,δ+s
∂x

x=xi
, d∗i−1,2 =
∂Ψi−1,δ+s
∂x

x=xi
.
Combining (24) with (25) yields a system of linear equations
ACT = g0(0+)GT, (26)
whereC = [Cn,1, Cn,2, Cn−1,1, Cn−1,2, . . . , C1,1, C1,2] is a vector of 2n unknowns,G1×2n = [01×2n−1, 1/s] is a vector of 2n given
elements, and A is a block tridiagonal matrix with entries ui,1, u∗i,1, di,1 and d
∗
i,1. Classical LU factorization methods such as
the Thomas algorithm can be used to solve the system of linear equations in (26) efficiently. AsA is a full-rank squarematrix,
CT can be uniquely determined as
CT = g0(0+)A−1GT. (27)
By inverting the Laplace transform, the solution of g(x, t∗L ) in R1 takes the form
g(x, t∗L ) =
n−
i=1
gi(x, t∗L )1Ai(x), (28)
where
gi(x, t∗L ) = L−1s [gˆi(x)]|τ=t∗L = L−1s [Ci,1Φi,δ+s(x)+ Ci,2Ψi,δ+s(x)]|τ=t∗L . (29)
From (29), we then obtain the Neumann boundary condition at x = 0− and t∗L = TL as follows
∂g1
∂x

x=0−,τ=TL
= L−1s
[
∂ gˆ1
∂x

x=0−
]
τ=TL
= g0(0+)γ , (30)
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where
γ = L−1s
[
C∗1,1
∂Φ1,δ+s(x)
∂x

x=0−
+ C∗1,2
∂Ψ1,δ+s(x)
∂x

x=0−
]
τ=TL
,
C∗1,1 =
C1,1
g0(0+) , C
∗
1,2 =
C1,2
g0(0+) .
The constant γ can be efficiently evaluated by the numerical Laplace inversion demonstrated in Wong and Zhao [30] with
a high degree of accuracy.
3.3. Solving the ODE in R2
The differential equation of g0(x) in R2 (18) is an ordinary differential equation (ODE) with respect to x, the solution of
which can be easily obtained as
g0(x) = C0,1Φ0,δ(x)+ C0,2Ψ0,δ(x), (31)
where
Φ0,δ(x) = M

a0,
1
2
, z0(x)

, Ψ0,δ(x) = z0(x) 12M

a0 + 12 ,
3
2
, z0(x)

,
a0 = − δ2α0 , z0(x) = −
1
α0σ 2
(µ+ α0x)2.
The ratio between C0,1 and C0,2 is constant for a given parameter set Θ . Moreover, the Dirichlet and Neumann boundary
conditions at x = 0+ can be obtained as follows.
g0(0+) = d0,1C0,1 + d0,2C0,2, ∂g0
∂x

x=0+
= d∗0,1C0,1 + d∗0,2C0,2, (32)
where
d0,1 = Φ0,δ(0+), d0,2 = Ψ0,δ(0+), d∗0,1 =
∂Φ0,δ
∂x

x=0+
, d∗0,2 =
∂Ψ0,δ
∂x

x=0+
.
Using the pathwise continuity of the solution, i.e., (30) and (32), we have
d∗0,1C0,1 + d∗0,2C0,2 = g0(0+)γ = (d0,1C0,1 + d0,2C0,2)γ .
Thus, we can set
C0,1 = d0,2γ − d∗0,2, C0,2 = d∗0,1 − d0,1γ . (33)
According to (27), (32) and (33), C0,1, C0,2, g0(0), and CT are obtained. Moreover, by recognizing the denominator of the
factorization form (15)–(16) satisfying
g ′0(b) = C0,1
∂Φ0,δ
∂x

x=b
+ C0,2 ∂Ψ0,δ
∂x

x=b
,
we arrive at the dividend value function V (x, tL(0); b, TL).
3.4. Solutions and examples
The solutions for the differential equations in the three regions are summarized in the following proposition.
Proposition 2. In the case of the excursion time framework, under the dividend barrier strategy, the dividend value function
satisfies the following.
1. Region One (R1): For x ∈ (−∞, 0) and tL(0) ∈ [0, TL],
V (x, t∗L ; b, TL) =
n−
i=1
L−1s [Ci,1Φi,δ+s(x)+ Ci,2Ψi,δ+s(x)]|τ=t∗L 1Ai(x)/g ′0(b).
2. Region Two (R2): For x ∈ (0, b] and tL(0) = 0,
V (x, 0; b, TL) = (C0,1Φ0,δ(x)+ C0,2Ψ0,δ(x))/g ′0(b).
3. Region Three (R3): For x ∈ (b,∞) and tL(0) = 0,
V (x, 0; b, TL) = x− b+ V (b, 0; b, TL).
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Remark 2. Although the foregoing derivation assumes ρ(x) > 0, the results generally hold for the case of ρ(x) ≠ 0, which
includes the traditional mean-reverting process. When ρ(x) = 0, the surplus process (2) becomes the Brownian motion
with constant drift considered in [2]. With the underlying bankruptcy procedure, the dividend value function still satisfies
the differential equations corresponding to the three different regions (12)–(14), but the fundamental solutions are simpler:
Φ∗δ (x) = exp

− (µ−

µ2 + 2σ 2δ)
σ 2
x

, Ψ ∗δ (x) = exp

− (µ+

µ2 + 2σ 2δ)
σ 2
x

.
E[D] can then be obtained by the same technique.
In the case of the occupation time framework, performing similar techniques, the solutions for V (x,tL(0); b, TL) are
characterized in the following proposition.
Proposition 3. In the case of the occupation time framework, under the dividend barrier strategy, the dividend value function
satisfies the following.
1. Region One (R1): For x ∈ (−∞, 0) andtL(0) ∈ [0, TL],
V (x,t∗L ; b, TL) =
n∑
i=1
L−1s [CRi,1Φi,δ+s(x)+CRi,2Ψi,δ+s(x)]τ=t∗L 1Ai(x)
L−1s
CR0,1 ∂Φ0,δ∂x x=b + ∂Ψ0,δ∂x x=bτ=t∗L
.
2. Region Two (R2): For x ∈ (0, b] andtL(0) ∈ [0, TL],
V (x,t∗L ; b, TL) = L−1s [CR0,1Φ0,δ(x)+ Ψ0,δ(x)]

τ=t∗L
L−1s
CR0,1 ∂Φ0,δ∂x x=b + ∂Ψ0,δ∂x x=bτ=t∗L
.
3. Region Three (R3): For x ∈ (b,∞) andtL(0) ∈ [0, TL],V (x,t∗L ; b, TL) = x− b+V (b,t∗L ; b, TL).
Please refer to the Appendix for details of the derivation and definitions of the notations.
Remark 3. Although we assume that the grace period TL is a predetermined constant, with the aid of the analytical solution
of the dividend value function in the form of Laplace inversion, the extension to the stochastic TL is straightforward based
on the tower rule of expectation:
E[D] = E[E[D|TL]] = E[V (x, tL(0); b, TL)] =
∫ ∞
0
V (x, tL(0); b, TL)f (TL)dTL, (34)
where f (TL) denotes the probability density function of TL.
Example 3.1. In the case of both the excursion and occupation time frameworks, consider the expectation of the discounted
dividends under a barrier strategy with parameter b = 10 corresponding to bankruptcy procedures with different grace
periods TL. We assume that the parameter set is taken as Θ = {µ = 1; n = 1;α0 = 3%;α1 = 5%; σ = 5; δ = 4%; b =
10; TL = 0, 1/24, 1/12, 1/6, 1/4, 1/2, 3/4, 1}.
Table 1 shows how the dividend value function changes with the grace period TL and initial surplus x in the case of the
excursion and occupation time frameworks, respectively. It can be seen that, for a fixed TL, the dividend value function
is increasing with the initial surplus x for the two different frameworks. It is natural that the higher the initial surplus
value, the greater the probability of hitting the dividend barrier. All else being fixed, the bankruptcy procedures have a
substantial influence on the dividend value function. The effect is particularly pronounced for small values of the initial
surplus. For example, in the case of the excursion time framework, when x = 0.2, the dividend value with TL = 1/24 (or
half a month) will be seven times larger than it would be with the immediate bankruptcy rule. With the same initial surplus
and grace period, the dividend value function in the case of the excursion time framework is larger than that in the case of
the occupation time framework, because the past defaults are never forgiven in the case of of the latter, meaning that the
firm is much likelier to be liquidated after which no more dividends will be paid out.
Fig. 1 plots the dividend value function against the dividend barrier for x = 10 for the two different frameworks. The
graph further illustrates that the larger the TL the greater the dividends paid to shareholders for a given b. By fixing the
bankruptcy procedure, the dividend value function increases with b, attains its maximum value, and then decreases to 0 if
b → ∞. Hence, as Fig. 1 shows numerically, the optimal dividend barrier is finite and exists such that (9) is well-defined.
Deeper analysis is made in the next section.
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Fig. 1. V (x, tL(0); b, TL) against bwith different TL .
Table 1
Dividend value function against the grace period.
x TL = 0 TL = 1/24 TL = 1/12 TL = 1/6 TL = 1/4 TL = 1/2 TL = 3/4 TL = 1
Excursion time framework
0.2 0.4050 2.9711 4.0137 5.4586 6.5389 8.8690 10.5401 11.8621
0.4 0.8037 3.3480 4.3817 5.8143 6.8854 9.1957 10.8525 12.1633
0.6 1.1960 3.7191 4.7443 6.1649 7.2272 9.5183 11.1613 12.4612
0.8 1.5822 4.0848 5.1016 6.5108 7.5644 9.8369 11.4666 12.7559
1.0 1.9622 4.4451 5.4538 6.8518 7.8971 10.1515 11.7683 13.0475
2.0 3.7753 6.1683 7.1406 8.4880 9.4956 11.6685 13.2268 14.4597
4.0 7.0065 9.2627 10.1793 11.4496 12.3995 14.4481 15.9173 17.0796
6.0 9.7901 11.9582 12.8391 14.0598 14.9726 16.9413 18.3531 19.4701
8.0 12.2093 14.3297 15.1912 16.3852 17.2779 19.2033 20.5842 21.6766
10.0 14.3351 16.4411 17.2967 18.4825 19.3692 21.2815 22.6529 23.7379
Occupation time framework
0.2 0.4050 2.1486 2.8611 3.8544 4.6028 6.2388 7.4363 8.4082
0.4 0.8037 2.5324 3.2389 4.2237 4.9658 6.5879 7.7751 8.7388
0.6 1.1960 2.9104 3.6110 4.5876 5.3235 6.9322 8.1095 9.0651
0.8 1.5822 3.2826 3.9775 4.9463 5.6762 7.2717 8.4396 9.3874
1.0 1.9622 3.6492 4.3386 5.2997 6.0238 7.6067 8.7653 9.7056
2.0 3.7753 5.4013 6.0658 6.9921 7.6899 9.2157 10.3324 11.2387
4.0 7.0065 8.5395 9.1659 10.0392 10.6972 12.1357 13.1884 14.0429
6.0 9.7901 11.2633 11.8652 12.7045 13.3368 14.7191 15.7308 16.5519
8.0 12.2093 13.6500 14.2388 15.0596 15.6780 17.0299 18.0194 18.8225
10.0 14.3351 15.7660 16.3508 17.1660 17.7802 19.1229 20.1056 20.9032
4. Optimal dividends
In the case of the excursion time framework, let b∗ be the optimal dividend barrier that maximizes the dividend value
function V (x, tL(0); b, TL). The following proposition gives the conditions of the optimal dividend barrier through the
denominator of the factorization forms.
Proposition 4. Suppose that the uncontrolled surplus process follows the stochastic differential equation (2). The dividend value
function under the bankruptcy procedure V (x, tL(0); b, TL) attains its maximum by setting the dividend barrier to b∗ if the optimal
dividend barrier b∗ exists and satisfies
∂2g0(x)
∂x2

x=b∗
= 0. (35)
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Proof. The proof is based on Shreve et al. [31], but extended to the case of the bankruptcy procedure. As
V (x, tL(0); b, TL) =

g(x, tL(0))/g ′0(b), if x ∈ (−∞, 0), tL(0) ∈ [0, TL],
g0(x)/g ′0(b), if x ∈ (0, b], tL(0) = 0,
x− b+ g0(b)/g ′0(b), if x ∈ (b,∞), tL(0) = 0,
we obtain
∂V (x, tL(0); b, TL)
∂b
=

−g(x, tL(0))g ′′0 (b)/(g ′0(b))2, if x ∈ (−∞, 0), tL(0) ∈ [0, TL],
−g0(x)g ′′0 (b)/(g ′0(b))2, if x ∈ (0, b], tL(0) = 0,
−g0(b)g ′′0 (b)/(g ′0(b))2, if x ∈ (b,∞), tL(0) = 0.
If V (x, tL(0); b, TL) attains its maximum at b∗, then the corresponding first-order condition is
g ′′0 (b
∗) = ∂
2g0(x)
∂x2

x=b∗
= 0. 
According to (31), we have
∂2g0(x)
∂x2

x=b∗
= C0,1 ∂
2Φ0,δ
∂x2

x=b∗
+ C0,2 ∂
2Ψ0,δ
∂x2

x=b∗
= 0. (36)
Because the ratio between C0,1 and C0,2 is constant for a given parameter set Θ , as demonstrated in Section 3.3, (36) is
rescaled by dividing by C0,1. This enables us to define the set of all optimal dividend barriers, which is independent of the
initial surplus, as
Bξ = {0 < y < ξ : f (y) = 0},
where
f (y) = ∂
2Φ0,δ
∂x2

x=y
+ C0,2
C0,1
∂2Ψ0,δ
∂x2

x=y
.
Clearly,Bξ is nonempty if the following conditions hold.
f (0) < 0,
f (ξ) > 0,
f ′(y) > 0, for all y ∈ (0, ξ).
(37)
In addition, theremust be a unique b∗ ∈ Bξ such that f (y) = 0. It is straightforward to show that f (y) does indeed satisfy all
of the conditions in (37). However, as f (y) depends on confluent hypergeometric functions, the derivation is very tedious.
We use Mathematica to carry out the necessary calculation. To shorten the length of the paper, we omit the rigorous proof
here. A similar derivation involving confluent hypergeometric functions is detailed in [32].
Setting x = b = b∗ in (13) and utilizing the reflecting boundary condition at x = b in (13) and the optimal barrier
condition (35), we have
V (b∗, tL(0) = 0; b∗, TL) = µ+ α0b
∗
δ
. (38)
Thus, V (b∗, 0; b∗, TL) is identical to the present value of a perpetuity, where the payment rate is the sum of the drift and the
interest on the initial capital. Relation (38) also holds for the models considered in both [2] and [5]. It is worth mentioning,
however, that the value of b∗ differs in our case as it depends on TL and ρ(x).
Remark 4. In the case of the occupation time framework, similar procedures can be performed to find the optimal dividend
barrierb∗ satisfying
∂2g0(x, 0)
∂x2

x=b∗ = 0,
where the initial occupation time has be reset to 0 by shortening the grace period, T ∗L = TL −tL(0).
Example 4.1. We look at the optimal dividend barrier b∗ corresponding to different TL using parametersΘ = {µ = 1; n =
1;α0 = 3%;α1 = 5%; σ = 5; δ = 4%; b = 10; TL} in the case of the excursion and occupation time frameworks,
respectively.
It can be seen from Table 2 that the bankruptcy procedure has a significant impact on the optimal dividend barrier. If
renegotiation time is granted to the defaulted firm, then a lower optimal barrier level can be set because the bankruptcy
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Fig. 2. Optimal barrier with different grace period TL .
Table 2
Optimal barrier with different bankruptcy procedures.
TL = 0 TL = 0.05 TL = 0.10 TL = 0.15 TL = 0.20 TL = 0.25 TL = 0.30
b∗ 31.7496 30.2534 29.6263 29.1422 28.7320 28.3691 28.0397b∗ 31.7496 30.7395 30.3193 29.9966 29.7245 29.4848 29.2682
TL = 0.35 TL = 0.40 TL = 0.45 TL = 0.50 TL = 0.55 TL = 0.60 TL = 0.65
b∗ 27.7357 27.4519 27.1845 26.9309 26.6890 26.4572 26.2344b∗ 29.0691 28.8840 28.7102 28.5461 28.3901 28.2412 28.0986
TL = 0.70 TL = 0.75 TL = 0.80 TL = 0.85 TL = 0.90 TL = 0.95 TL = 1.00
b∗ 26.0195 25.8116 25.6101 25.4143 25.2239 25.0382 24.8571b∗ 27.9616 27.8295 27.7019 27.5783 27.4583 27.3412 27.2254
procedure reduces the firm’s bankruptcy risk, and shareholders can enjoy a more aggressive dividend policy. As the grace
period is closely related to the negotiating power of the firm’smanagement, a reputablemanagement team is able to benefit
shareholders by decreasing the bankruptcy risk and, hence, improving the total dividend amount. With the same grace
period length, the optimal barrier in the case of the excursion time framework is lower than that in the case of the occupation
time framework because of thememoryless feature of the hypothetical default clock in the former casewhich allows amore
aggressive dividend policy to be applied.
Fig. 2 shows the decreasing trend in the optimal dividend barrier against TL. When TL → ∞, the optimal dividend
barrier reaches 0. In other words, if TL is sufficiently large, then it takes a very long time for the firm to declare bankruptcy.
Consequently, shareholders receive dividends whenever the surplus is positive, and the risk remains with the debt holders.
This implies that, to protect debt holders, the grace period should not be too long. In addition, the optimal barrier in the case
of the excursion time framework is lower than that in the case of the occupation time framework.
5. Distribution of bankruptcy time
Consider that dividends are paid according to a barrier strategy with parameter b, which may be different from the
optimal barrier level b∗. Under the excursion time framework, it is of interest to know the distribution of the bankruptcy
time T . Consider
L(x, tL(0); b, TL) = E[e−δT ],
where x is the initial surplus. This can be interpreted as the expected present value of $1 paid at the time of bankruptcy, or
the Laplace transform of the probability density function of T , or the moment generating function of T . Thus, the expected
bankruptcy time can be determined by
E[T ] = − dL(x, tL(0); b, TL)
dδ

δ=0
. (39)
Using the framework established in Section 2, the differential equations for L(x, tL(0); b, TL) in the three different regions
can be formulated as follows.
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1. Region One (R1): For x ∈ (−∞, 0) and tL(0) ∈ [0, TL],
1
2
σ 2
∂2L
∂x2
+ (µ+ ρ(x)x) ∂L
∂x
+ ∂L
∂tL
− δL = 0,
L(x, TL; b, TL) = 1,
lim
x→−∞
∂L(x, tL(0); b, TL)
∂x
= 0,
L(0−, tL(0); b, TL) = L(0+, 0; b, TL),
∂L(x, tL(0); b, TL)
∂x

x=0−
= ∂L(x, 0; b, TL)
∂x

x=0+
.
2. Region Two (R2): For x ∈ (0, b] and tL(0) = 0,
1
2
σ 2
∂2L
∂x2
+ (µ+ α0x) ∂L
∂x
− δL = 0,
∂L
∂x

x=b
= 0,
L(0+, 0; b, TL) = L(0−, tL(0); b, TL),
∂L(x, 0; b, TL)
∂x

x=0+
= ∂L(x, tL(0); b, TL)
∂x

x=0−
.
3. Region Three (R3): For x ∈ (b,∞) and tL(0) = 0,
L(x, 0; b, TL) = L(b, 0; b, TL).
In the case of the occupation time framework, we need to solve and calculateL(x,tL(0); b, TL) for all possible values
oftL(0) even if x is above the default threshold. Regions two and three should then be defined in the rectangles x ∈
(0, b],tL(0) ∈ [0, TL], and x ∈ (b,+∞),tL(0) ∈ [0, TL], respectively.
Using techniques similar to those introduced in Section 3 and the Appendix, the analytical solution of L andL can be
obtained in the form of Laplace inversion. Detailed analysis is available from the authors.
Proposition 5. For the same initial surplus x, barrier level b, and grace period TL ≥ 0,
E[T ] ≥ E[T ] ≥ E[T ∗],
where T ∗ is the default time or bankruptcy time, with TL = 0.
Proof. With the same initial surplus and barrier level, the modified surplus process is independent of the bankruptcy
procedure. The bankruptcy procedure influences the dividend value function only via the hypothetical default clock counting
down the lifespan of the company.
For any path of the modified surplus, let
T = Θx(TL) := inft ≥ 0 ∫ t
0
1{X(u)−D(u)≤L}du ≥ TL, X(0)− D(0) = x

denote the bankruptcy time in the case of the occupation time framework, with grace period TL and initial surplus x. Because
past defaults affect further defaults by shortening the maximum period of time the company is allowed to spend in default
without being liquidated, we haveL(x,tL(0); b, TL) = L(x, 0; b, TL −tL(0)). Without loss of generality, it is assumed thattL(0) = 0 and, consequently,T = Θx(TL) = T0 +Θ0(TL),
where T0 is the first time the modified surplus hits zero and Θ0(TL) is the bankruptcy time with zero initial surplus and a
grace period of TL. Based on the linearity of the expectation operator,
E[T ] = E[T0] + E[Θ0(TL)].
As E[T0] = E[T ∗] is the default time with TL = 0 andΘ0(TL) ≥ 0, we have
E[T ] ≥ E[T ∗].
Furthermore, based on the dynamics of dtL(t) and dtL(t), as shown in (3) and (6),tL(t)− tL(t) =−
u∈S
tL(u−), where S = {u ≥ 0|X(u)− D(u) = L}.
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Fig. 3. Expectation of bankruptcy time under optimal dividend strategy.
Table 3
Expectation of bankruptcy time with different initial surplus.
x 0.5 1.0 1.5 2.0 2.5 3.0 3.5 (b∗)
TL = 0 15.268 29.907 43.929 57.350 70.184 82.446 94.152 (31.7496)
Occupation 64.938 70.964 76.727 82.234 87.494 92.513 97.297 (27.2554)
Excursion 227.657 223.120 238.338 243.318 248.067 252.592 256.899 (24.8571)
x 4 7 10 13 16 19 22 (b∗)
TL = 0 105.316 161.812 202.779 231.470 250.807 263.272 270.867 (31.7496)
Occupation 101.856 124.849 141.433 152.963 160.617 165.382 168.055 (27.2554)
Excursion 260.995 281.525 296.112 306.025 312.369 316.066 317.857 (24.8571)
As tL(u−) ≥ 0 for any u ≥ 0,tL(t) ≥ tL(t). By the definition of bankruptcy time, we haveT ≤ T for any path of the modified
surplus. Based on the monotonicity of the expectation operator,
E[T ] ≤ E[T ]. 
Remark 5. The expected bankruptcy time E[T ] can be determined by (39). According to the fundamental theorem of
calculus, the differentiation with respect to δ and Laplace inversion are interchangeable. Thus, the analytical solution of
E[T ] is obtained in the form of Laplace inversion.
Remark 6. As the Laplace transform of the probability density function of T is obtained, the density function can be
calculated using numerical Laplace inversion. Let
m(y) = E[eyT ]
be themoment-generating function of T , andwe havem(−δ) = L(x, tL(0); b, TL), which has been determined in this section.
Hence, the moments of T can be obtained through differentiation.
For the same initial surplus x and dividend barrier level b, we obtain the relationship between the expected bankruptcy
time under different bankruptcy procedures according to Proposition 5. However, a firm optimizes its dividend strategy by
setting b∗ to maximize the dividend value function, as described in Section 4.
Example 5.1. We now look at the expectation of bankruptcy time under the optimal dividend strategy using parameter set
Θ = {µ = 1; n = 1;α0 = 3%;α1 = 5%; σ = 5; δ = 4%; b = 10; TL = 1} in the case of the excursion and occupation time
frameworks, respectively.
The optimal dividend level b∗ is independent of the initial surplus, as shown in Section 4. It can be seen from Table 3
and Fig. 3 that, under the optimal dividend strategy, the initial surplus has an influence on the expected bankruptcy time for
different bankruptcy procedures. First, for any initial surplus, the expected bankruptcy time in the case of the excursion time
164 H.Y. Wong, J. Zhao / Journal of Computational and Applied Mathematics 236 (2011) 150–166
framework is the longest of the three. This is due to the resetting feature of the hypothetical default clock, which ensures
that the liquidation of the firm is triggered only by a consecutive stays below the default threshold. Second, for a firmwith a
small initial surplus, the bankruptcy procedure in the case of the occupation time framework prolongs the expected lifespan
of the firm. In such a situation, the barrier level has only a mild impact on the modified surplus. Although a more aggressive
dividend policy is employed in the case of the occupation time framework, the firm can still enjoy a longer life with little
likelihood of having to pay dividends. Third, for a firm with a relatively large initial surplus, the bankruptcy procedure in
the case of the occupation time framework surprisingly shortens the expected bankruptcy time. In this scenario, the barrier
level plays the key role, and past defaults are never forgiven. Granted a grace period, the firmwill adopt an aggressive barrier
level, which makes it more likely to be liquidated. Finally, there exists some critical initial surplus value which ensures that
the expected bankruptcy time in the case of the occupation time framework is equal to that in the case of a zero grace
period.
Remark 7. An earlier version of this paper details possible extensions of our framework to other related problems, such as
generalized dividend barrier strategies and finite time dividend-ruinmodels. The results are available upon request, and we
simply sketch the ideas behind them here. If a barrier strategy is applied, then the ultimate ruin of the company is certain.
In some circumstances, this is not desirable and it is natural to impose restrictions on the nature of the dividend stream,
thus resulting in an optimization problem with additional constraints. Jeanblanc-Picqué and Shiryaev [33] and Asmussen
and Taksar [34] postulate a generalized barrier strategy, called a threshold strategy, for the case of ρ = 0. Under this
strategy, dividends are paid at a constant rate κ whenever the surplus rises above threshold b. Whereas the additional
constraints are applied solely to the upside dividend barrier in the threshold strategy, the bankruptcy procedure is related
to the downside default barrier, and is obviously applicable to this generalized consideration. The finite time dividend-ruin
model proposed in [4] is formulated similarly to that of Gerber and Shiu [1], except that there is a terminal time in the
objective function. Therefore, our approach can be applied after taking a Laplace transform with respect to the terminal
time.
6. Conclusion
This paper extends the optimal dividend barrier strategy of Gerber and Shiu [1,2] to incorporate bankruptcy procedures
consistent with Chapter 11 of the US Bankruptcy Code. More precisely, bankruptcy occurs if a firm is in financial distress
over a period of time. This procedure is modeled by an excursion time variable that measures the total time spent below
the default threshold in a single excursion or by an occupation time variable that measures the cumulative length of the
period instead. To allow general discussion, we consider a generalized Ornstein–Uhlenbeck process in which the mean-
reverting rate can take any real number. Moreover, we assume that the debit rate is dependent on the deficit position
of the firm. A general framework is then formulated to investigate the problem. Consequently, closed-form solutions for
the dividend value function in the cases of the excursion and occupation time frameworks, respectively, are derived. By
maximizing the dividend value function, we obtain the optimal dividend barrier numerically. Our results show that the
underlying bankruptcy procedure can have a significant effect on the optimal dividend policy.
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Appendix. Derivation of V (x,tL(0);b, TL) in Proposition 3
In the case of the occupation time framework, to separate the influence of the barrier level from the dividend value
function, we present the solutions in R1 and R2 in factorization form, as follows.
(R1): For x ∈ (−∞, 0) andtL(0) ∈ [0, TL],
V (x,tL(0); b, TL) = h(x,tL(0))h′0(b,tL(0)) .
(R2): For x ∈ (0, b] andtL(0) ∈ [0, TL],
V (x, 0; b, TL) = h0(x,
tL(0))
h′0(b,tL(0)) .
Here, h(x,tL(0)) and h0(x,tL(0)) are independent of the barrier level b. The reflecting boundary condition at x = b is satisfied
automatically. We then obtain the corresponding system for h(x,tL(0)) in R1 and h0(x,tL(0)) in R2.
H.Y. Wong, J. Zhao / Journal of Computational and Applied Mathematics 236 (2011) 150–166 165
1. Region one (R1): For x ∈ (−∞, 0) andtL(0) ∈ [0, TL],
1
2
σ 2
∂2h
∂x2
+ (µ+ ρ(x)x) ∂h
∂x
+ ∂h
∂tL − δh = 0,
h(x,tL(0) = TL) = 0,
h(−∞,tL(0)) = 0,
h(0−,tL(0)) = h0(0+,tL(0)),
∂h(x,tL(0))
∂x

x=0−
= ∂h0(x,tL(0))
∂x

x=0+
.
(40)
2. Region two (R2): For x ∈ (0, b] andtL(0) ∈ [0, TL],
1
2
σ 2
∂2h0
∂2x2
+ (µ+ α0x) ∂h0
∂x
− δh0 = 0,
h0(x,tL(0) = TL) = 0,
h0(0+,tL(0)) = h(0−,tL(0)),
∂h0(x,tL(0))
∂x

x=0+
= ∂h(x,tL(0))
∂x

x=0−
.
(41)
To solve the PDEs defined in R1 and R2, we reverse the occupation time by settingt∗L = TL −tL and consider the Laplace
transform
hˆi(x) =
∫ ∞
0
h(x,t∗L )e−st∗L dt∗L := Ls(h(x,t∗L )), where x ∈ Ai,
hˆ0(x) =
∫ ∞
0
h0(x,t∗L )e−st∗L dt∗L := Ls(h0(x,t∗L )).
The subsidiary equations for (40) and (41) are then given by
1
2
σ 2
d2hˆi
dx2
+ (µ+ αix)dhˆidx − δhˆi = shˆi,
1
2
σ 2
d2hˆ0
dx2
+ (µ+ αix)dhˆ0dx − δhˆ0 = 0,
with classic solutions
hˆi(x) =Ci,1Φi,δ+s(x)+Ci,2Ψi,δ+s(x), hˆ0(x) =C0,1Φ0,δ(x)+C0,2Ψ0,δ(x).
Based on the corresponding boundary conditions and the continuity of the functions, we obtain
dn,1Cn,1 + dn,2Cn,2 = 0,
ui,1Ci,1 + ui,2Ci,2 − di−1,1Ci−1,1 − di−1,2Ci−1,2 = 0, for i = 1, . . . , n,
u∗i,1Ci,1 + u∗i,2Ci,2 − d∗i−1,1Ci−1,1 − d∗i−1,2Ci−1,2 = 0, for i = 1, . . . , n, (42)
where ui,1, ui,2, di,1, di,2, u∗i,1, u
∗
i,2, d
∗
i,1, d
∗
i,2 are as defined in Section 3.2. This is a system of 2n+1 equations involving 2n+2
unknowns. To render it identifiable, we rescale the unknowns byC0,2 and obtainCRi,1 =Ci,1/C0,2, CRi,2 =Ci,2/C0,2, for i = 1, . . . , n, CR0,1 =C0,1/C0,2 CR0,2 = 1.CR = [CRn,1,CRn,2,CRn−1,1,CRn−1,2, . . . ,CR1,1,CR1,2,CR0,1] is then solvable based on system (42), which gives us
hˆi(x) =C0,2(CRi,1Φi,δ+s(x)+CRi,2Ψi,δ+s(x)), hˆ0(x) =C0,2(CR0,1Φ0,δ(x)+ Ψ0,δ(x)).
By inverting the Laplace transform, the solutions of (40) and (41) are determined by
h(x,tL(0)) = n−
i=1
L−1s [hˆi(x)]|τ=t∗L 1Ai(x), h0(x,tL(0)) = L−1s [hˆ0(x)]|τ=t∗L .
By recognizing the denominator of the factorization form satisfying
h′0(b,tL(0)) =C0,2L−1s [CR0,1 ∂Φ0,δ∂x

x=b
+ ∂Ψ0,δ
∂x

x=b
]
τ=t∗L ,
we arrive at the dividend value functionV (x,tL(0); b, TL) in Proposition 3.
166 H.Y. Wong, J. Zhao / Journal of Computational and Applied Mathematics 236 (2011) 150–166
References
[1] H.U. Gerber, E.S.W. Shiu, Geometric Brownian motion models for assets and liabilities: From pension funding to optimal dividends, North American
Actuarial Journal 7 (2003) 37–56.
[2] H.U. Gerber, E.S.W. Shiu, Optimal dividends: analysis with Brownian motion, North American Actuarial Journal 8 (2004) 1–20.
[3] H.U. Gerber, E.S.W. Shiu, On optimal dividends: from reflection to refraction, Journal of Computational and Applied Mathematics 186 (2006) 4–22.
[4] K.S. Leung, Y.K. Kwok, S.Y. Leung, Finite time dividend-ruin models, Insurance: Mathematics and Economics 42 (2008) 154–162.
[5] J. Cai, H.U. Gerber, H. Yang, Optimal dividends in an Ornstein–Uhlenback type model with credit and debit interest, North American Actuarial Journal
10 (2006) 94–108.
[6] B. Li, R. Wu, M. Song, A renewal jump–diffusion process with threshold dividend strategy, Journal of Computational and Applied Mathematics 228
(2000) 41–55.
[7] Y. Fang, R. Wu, Optimal dividends in the Brownian motion risk model with interest, Journal of Computational and Applied Mathematics 229 (2009)
145–151.
[8] G. Yin, Q.S. Song, H. Yang, Stochastic optimization algorithms for barrier dividend strategies, Journal of Computational and Applied Mathematics 223
(2009) 240–262.
[9] A. Chen, M. Suchanecki, Default risk, bankruptcy procedures and the market value of life insurance liabilities, Insurance: Mathematics and Economics
40 (2007) 231–255.
[10] P. Francois, E. Morellec, Capital structure and asset prices: some effects of bankruptcy procedures, Journal of Business 77 (2004) 387–412.
[11] U. Cetin, R. Jarrow, P. Protter, Y. Yildirim, Modeling credit risk with partial information, The Annals of Applied Probability 14 (2004) 1167–1178.
[12] Y. Yildirim, Modeling default risk: a new structural approach, Finance Research Letters 3 (2006) 165–172.
[13] M. Broadie, M. Chernov, S. Sundaresan, Optimal debt and equity values in the presence of Chapter 7 and Chapter 11, The Journal of Finance 62 (2007)
1341–1377.
[14] N.H. Chan, H.Y.Wong, J. Zhao, Structuralmodel of creditmigration, Computational Statistics and Data Analysis (2010) doi:10.1016/j.csda.2010.10.015.
[15] K.W. Lau, Y.K. Kwok, Anatomy of option features in convertible bonds, Journal of Futures Markets 24 (2004) 513–532.
[16] G. Galaia, A. Raviv, Z. Wiener, Liquidation triggers and the valuation of equity and debt, Journal of Banking & Finance 31 (2007) 3604–3620.
[17] C. Bernard, A. Chen, On the regulator-insurer interaction in a structural model, Journal of Computational and Applied Mathematics 233 (2009) 3–15.
[18] V. Linetsky, Step options, Mathematical Finance 9 (1999) 55–96.
[19] J. Hugonnier, The Feynman–Kac formula and pricing of occupation time derivatives, International Journal of Theoretical and Applied Finance 2 (1999)
153–178.
[20] H.Y. Wong, Y.K. Kwok, Multi-asset barrier options and occupation time derivatives, Applied Mathematical Finance 10 (2003) 245–266.
[21] K.S. Leung, Y.K. Kwok, Distribution of occupation times for CEV diffusions and pricing of α-quantile options, Quantitative Finance 7 (2007) 87–94.
[22] R.J. Sweeney, Mean reversion in G-10 nominal exchange rates, Journal of Financial and Quantitative Analysis 41 (2006) 685–708.
[23] H. Bessembinder, J.F. Coughenour, P.J. Seguin, M.M. Smoller, Mean reversion in equilibrium asset prices: Evidence from the futures term structure,
The Journal of Finance 50 (1995) 361–375.
[24] N. Ekvall, L.P. Jennergren, B. Naslund, Currency option pricingwithmean reversion and uncovered interest parity: A revision of theGarman–Kohlhagen
model, European Journal of Operational Research 100 (1997) 41–59.
[25] H.Y. Wong, K.Y. Lau, Path-dependent currency options with mean reversion, Journal of Futures Markets 28 (2008) 275–293.
[26] A. Cadenillas, S. Sarkar, F. Zapatero, Optimal dividend policy with mean-reverting cash reservoir, Mathematical Finance 17 (2007) 81–109.
[27] J. Paulsen, Optimal dividend payouts for diffusions with solvency constraints, Finance and Stochastics 7 (2003) 457–473.
[28] I. Karatzas, S.E. Shreve, Brownian Motion and Stochastic Calculus, 2nd ed., Springer, Berlin, 1991.
[29] D. Zwillinger, Handbook of Differential Equations, Academic Press, Boston, 1992.
[30] H.Y. Wong, J. Zhao, An artificial boundary method for American option pricing under the CEV model, SIAM Journal on Numerical Analysis 46 (2008)
2183–2209.
[31] S.E. Shreve, J.P. Lehoczky, D.P. Gaver, Optimal consumption for general diffusions with absorbing and reflecting barriers, SIAM Journal on Control and
Optimization 22 (1984) 55–75.
[32] H.Y. Wong, J. Zhao, Valuing American options under the CEV model by Laplace–Carson transforms, Operations Research Letters 38 (2010) 474–481.
[33] M. Jeanblanc-Picqué, A.N. Shiryaev, Optimization of the flow of dividends, Russian Mathematical Surveys 20 (1995) 257–277.
[34] S. Asmussen, M. Taksar, Controlled diffusion models for optimal dividend pay-out, Insurance: Mathematics and Economics 20 (1997) 1–15.
